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ABSTRACT
Modeling particle-fluid systems in porous media encountered in many
scientific and engineering applications presents a significant challenge. This paper
outlines a hydrodynamic flow at a low Reynolds number through saturated porous
media which is generated virtually using only the grain-size distribution curves of
soils. In order to represent the pore and granular structures of soils, a novel model
was developed using a fractal approach. For a given porosity, particle and pore size
distributions were successfully modeled for a wide range of soils. We tested the
model ' s conductivity behaviour by carrying out a steady-state flow through a fractal
structure. Soil particle movement was modeled using the discrete element method
(DEM), and the hydrodynamic flow was simulated by the well-known marker-andcells (MAC) method, with special conditions imposed at the particle boundaries. The
fluid-particle interaction was taken into account in our calculations using the method
of direct force integration at the surface of particles. Several comparisons of our
numerical results to those of published experiments for particle-particle and particlewall interaction in a viscous fluid show very good agreement. Finally, an example of
a possible erosion scenario at the interface of two different soils under a horizontal
flow is presented. The results and a discussion of this model ' s applicability are also
presented. This study is a part of an extensive program which includes 3-D
simulations aimed at gaining a better understanding erosion phenomena in soils made
up of irregularly shaped particles under hydrodynamic flow.
1. Introduction
Microscopic numerical analysis can be an effective tool to study the
phenomenon of internal erosion. Pore-scale models of viscous fluid flow based on the
Navier-Stokes equations take in account such details as the real water velocity and the
water pressure in the pore channels. With this flow pattern, it is possible to calculate
the real drag force, which is a primary factor determining the erosion threshold. The
interaction between soil particles is integrated into the model.

2. Fractal scaling of soil particle-size distributions
A detailed study of the pore solid fractal (PSF) model was conducted by
Perriers et al. (1999). The generation of a PSF model starts with the initiator which
consists of a square of length L in 2-D. This square is divided into R2 sub squares
with length LlR, R being the scaling factor. The sub squares present the pores (P),
particles (S), and unspecified elements (F = R2 - P - S) that will be devised in the next
iteration step. All unspecified elements will be assigned to pores for the last iteration.
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This model was extended by combining three fractal processes in series (3GPSF) by Lehmann et al. (2003). Each generator was applied for a certain number of
iterations. A more realistic model is obtained by changing the solid squares to solid
round particles (see Figure 1).
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Figure 1. Construction of a 3G-PSF with round particles.
For the first generator: R = 3, S =3, P = 4, and n=3;for the second generator: R = 4,
S = 5, P =7, and n =2; andfor the third generator: R =3, S = 2, P = 2,and n = 3.

After a number of iterations, the porosity is found as follows:

(I)

where the indices 1, 2, and 3 correspond to the first, second, and third generators
respectively. n is the number of iterations.
The best approximation of gradation curves associated with a given porosity
determines the parameters of the generators . A specific algorithm dedicated to
ensuring a flow path was used.
Different particle locations can be generated randomly with the same
parameters of 3G-PSF model. A comparison of the particle size distribution of
various soil samples with those obtained by fractal modeling is shown in Figure 2.
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Figure 2. Comparison of PSD for various soil samples with those obtained from
the fractal model.
3. Flow through generated soils
The water flow through a pore channel is described by the Navier-Stokes
equations for viscous-incompressible liquids, and is expressed by:

(2)
'ViJ = 0

where p is the density of the liquid (kg/m\ t is the time (s), vis the flow velocity
(m/ s),p is the water pressure (Pa), 7J is the dynamic viscosity (Pa·s), and! is the force
of gravity (N).
We chose the well-known marker-and-cell (MAC) method to solve this
system of equations (Harlow and Welch (1965)) .
The coefficient of penneability (rnIs) for this soil sample is (Scheidegger
(1963))
K = _ -,( v,--)s_p..::...g

/',p
where(v) is the average velocity in the soil (rnIs), s is the length of the sample in the
direction of flow (m), and /',p is the pressure difference at the boundary (Pa).
The hydrodynamic flow through four different soil samples generated by the
fractal model is presented in Figure 3. Comparison of porosity and the coefficient of
penneability calculated from the fractal model and from the empirical fonnula for
different soils is presented in Tables I and 2 respectively.
The empirical porosity of the soil was calculated by ¢ = 0.255(1 + 0.83 u )
(Vukovic and al. (1992)), where U =d601d1o is the coefficient of grain unifonnity, d60
and dlO represent the grain diameter in mm at which 60% and 10% grains are finer
respectively. The porosity of the fractal model was calculated using equation I.
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Figure 3. Hydrodynamic flow through generated soils
Table 1. Comparison of porosit
I
Silt
Empirical
I 0.406
Fractal
I 0.405

Sand
0.303
0.314

I Fine Gravel I Coarse Gravel
I 0.261
I
0.268
I
0.265
I
0.279

Tab Ie 2. Comparison of coefficient of permeability (m/s)
Fine Gravel
Silt
Sand
2.03·IO- u•
2.l7·IO- u•
1.07'10-u•
Empirical
04
04
1.61102.18108.61 '10-05
Min
Fractal
04
04
04
1.94102.65103.9710Max

Coarse Gravel
5.09'10- 0,
9.68'10-04
3.4410-03

The empirical coefficient of permeability was calculated using the Pavchich
formula (Goldin and Rasskazov (1992)), expressed as follows:

where g is the acceleration due to gravity, v is the kinematic viscosity of water (m 2/s),
B is equal to I for sand and gravel and 0.35-0.4 for pebbles, and d n represents the
grain diameter in mm for which 17% of the sample are fine then. This formula has
been found to be satisfactory for a wide range of soils. We present the extreme (Min.
and Max.) values for the coefficient of permeability calculated during simulations for
various particle locations. Knowing that the permeability is a 3D property, the
permeability calculated using a 2D concept is not fully conclusive for all soils
selected in this study.
4. Motion and interaction of particles in fluids (DEM)
The movement of granular particles is modeled using the discrete element
method (DEM) proposed by Cundall and Strack (1979) . The motions of particle i
caused by its interactions with neighboring particles is described by the equations:
(3)
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where:
mi,

h are the mass (kg) and moment of inertia (kg"m2) of particle i respectively

V, and Wi

are the translational (m/s) and rotational (S"I) velocities of particle i

k is the number of neighboring particles.
J

Kno,Yn

Fe".ij = i;,,,.ij = -C,~
dF "
_ e'.y

,.ij

= -K{

is the normal force of contact (N)

is the normal damping force (N)
is the tangential force of contact (N). The value of this force is

dOl
limited by I~

{.ij l:o;

fl. , ~".

ij

Fd{.ij = -C{~
.ij is the tangential damping force (N)
FjI is the drag force (N)
Tij = RJFc{.ij + Fd{.ij ) is the torque moment (N'm)
Mij

Mjl

=

-fl.r1i;"ijll:1 is the friction torque (Nm)

is the drag moment (N"m)

~

~

( G ,

GJ

-

Jf{

j
- 4 " -vR
r.:;- ,C" -2vm
K", K { -2"Ro"
- - +- - ,C{ -K" K " --E
3
2-v, 2-vj
K"

0" , 0, are the normal and tangential contact displacement respectively:
I

I-

v

2

vJ
Ej

I-

I

I

I

-=-' + - - and - = - + E"

E,

R' IR,I IRjl

where E is Young's modulus (Pa), v is the Poisson ratio, R i is the particle radius (m),
and fl.s, fl.r are the sliding and rolling (m) friction coefficients respectively. The
determination of interaction forces has been detailed by Zhou et al. (2002) and
Nakashima (2004).
To obtain the proper particle-liquid interaction, we need to integrate the stress
tensor over the particle surface. Currently, we use a 2-D model for the water flow and
the spherical particles that move and rotate in a 2-D plane. First, we integrate the
stress tensor over the particle surface (circle) at the plane offlow.

FjI

=

f (- P+ 7J lVv + (Vv)' J) n dA

(4)

A

where A is the particle outline projection (m) and Pi is the normal to the circular
particle.
This force acts per unit length around infinite cylinder into flow . The standard
curves for a drag coefficient of a cylinder and a sphere (Clift et al. (1978)) are shown
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in Figure 4. For comparison, we have also plotted the Stokes curve.
Reynolds number, we can see that
CD

, ~1.5·CD

For a low

C

where CD, and CDc are the drag coefficients for a sphere and a cylinder respectively.
Therefore, the relationship of the drag force for the cylinder and the sphere
under the same flow conditions can be rewritten as:

F,

3m!

Fc

8

where F, is the drag force for the sphere (N), Fc is the drag force for the cylinder
(N/m) , and d is the diameter of the circular particle (m). The numerical results
obtained for particles 0.5 and I mm in diameter are shown in Figure 4.
The buoyancy force is included in formula 4, and is adjusted for a spherical
particle. The no-slip liquid boundary condition on each particle surface was also
implemented. We used the condition proposed by Kalthoff et al. (1997). All the liquid
grid velocities located "inside" a particle are constrained to equal the particle velocity
before the evaluation of the temporal velocity at each time step.
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Figure 4. Drag coefficient as a function of the Reynolds number.
5. Results validation
To validate the numerical results obtained, experimental data obtained by
Zhang et al. (1999) were selected. These data concern the settling of spherical
particles and the dynamic behavior of their collision in a viscous fluid. Several
experiments were carried out with different particle densities and dynamic viscosities .
Lubrication theory predicts that contact is impossible at low Reynolds numbers.
However, due to the existence of microscopic surface roughness on real particles,
direct particle-particle contact is possible. Several studies on the rebounding of
colliding particles have been published in recent years . We use an algorithm in which
the collision process starts when the separation between particles is less than one
MAC cell. The change in velocity with distance for spherical particles before and
after colliding with a fixed particle in aqueous glycerine is shown in Figure 5(a) and
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5(b) respectively. Figure 5(b) concerns only the example with a particle density of
2180 kg/m3 and fluid with a dynamic viscosity of 0.053 Pa·s. Our results are depicted
in Figure 6. The visualization allows users to explore relationships in the data, and to
better present the results to scientists and engineers. In this way, particle-tracking
models can be better integrated into decision support systems.
(b)
f"p
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Figure 5. Comparison of simulated and experimental data for colliding particles
in viscous fluid

Figure 6. Visualization of the velocity field induced by the normal collision of
settling particle with fixed particle

Figure 7(a) compares the numerical data and experimental data for the settling
of glass beads and also after they collide with a wall in water. A schematic
representation of the test setup is shown in Figure 7(b). Computational visualization
of the flow streamlines during settling of the glass beads and as they approach the
wall is shown in Figure 8.
Another validation example concerns the trajectories of a particle for the
oblique collision of two glass beads. Comparison of the experimental and simulation
results is presented in Figure 9(a). Visualization of the flow streamlines before and
after collision is presented in Figure 9(b) . We have also compared the results obtained
by our model with other experimental results (Zhao and Davis (2002), Bouard and
Coutanceau (1986)), and found that they agree very well.
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Figure 7. (a) Comparison ofthe simulation and experimental data for the
collision of a glass bead with a wall in water, and (b) Experimental setup

Figure 8. Visualization of the flow streamlines induced by collision of the particle
with the wall
6. Simulation of erosion at the interface of two soils
In simulating a possible erosion scenario in 2-D between two layers of
different soils generated virtually, special conditions were imposed: the top layer of
soil particles (coarse gravel) was kept fixed at all times, while the bottom layer of soil
particles (silt) was fixed until a steady-state flow was achieved. This allowed the silt
particles to migrate under the effect of hydrodynamic forces . This approach was
adopted to allow water to pass between the particles. These conditions would not be
needed for a 3-D model.
Our objective with this example is to illustrate the potential of our model to
examine the stability of a given base soil-filter system with a fl ow parallel to the
contact interface . We simulate only a very small arrangement of soil particles
containing 614 moving particles for silt and 14 fixed particles for coarse gravel. The
density of the silt particles is 2700 kg/m 3. The size of the silt particles is 9.7710.3 0.15 mm and that of the gravel particles is 1.11 - 0.278 mm. The gradient is constant,
and is equal to 0.063. The stages of particle movement at different times are
presented in Figure 10. The velocity of the water in gravel is greater than it is in silt,
because the pore channels are larger in the gravel. As the fme particles begin to leave

SCOUR AND EROSION

558

the soil, the pores become larger and the channels straighter. Increasing flow velocity
subsequently causes major silt particle migration.
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Figure 9. (a) Experimental and simulation results of the trajectories of two
particles colliding, and (b) Visualization of results

Figure 10. Visualization ofthe erosion process: (1) steady-state flow with fixed
particles (t = 0.00 sec.), (2) Motion of the finest particles (t = 0.013 sec.),
(3) Motion of the largest particles (t= 0.022 sec.), and (4) Erosion (t = 0.030 sec.»
7. Conclusion
Our preliminary results in this paper indicate that the proposed 2-D model can
virtually generate different kinds of soils successfully using only grain size
distribution curves, and can estimate soil characteristics, such as the coefficient of
permeability. The simulation results of the dynamic behavior of particles in motion in
a fluid imply that the model can precisely describe the hydrodynamic behavior of
particles in motion, predicting the motion of the particles before collision, the
collision between particles, the rebounding of particles following contact, and the
motion of particles after contact. Several other simulations show that the model
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results agree very well with those obtained from experiments. An example of the
visualization of erosion at the contact interface between two different soils under
horizontal flow shows the capability of the model. It can determine the transport and
deposition rates of particles, where the porous media were subjected to hydrodynamic
flow, and it can simulate the microscopic features of the process of internal erosion.
Currently, the model has some limitations, such as the round shape of the particles
and the 2-D water flow. Based on the verification work presented in this paper, the
focus will now move to the development of 3-D model, which can accommodate the
real shape of natural particles and include the compaction effects and cohesive forces.
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